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Abstract: In light of prospects for measurements of Bc → D(∗)lν decays in the upcoming
Upgrade II of the LHC, we show that by using calculated Bc → D(∗) form factors a competi-
tive extraction of the |Vub| CKM matrix element from the Bc → Dµν¯µ decay might be possi-
ble. To minimize experimental and theoretical uncertainties we provide the ratio |Vub|/|Vcb|
by normalizing the Bc → D(∗)µν¯µ to Bc → J/ψµν¯µ decay. We also briefly examine the
suggestion to extract |Vub|/|Vcs| from the theoretically interesting ratio of Bc → D0eν¯e and
Bc → Bseν¯e decay rates in the zero-recoil limit. With the present average value of |Vub|,
the predicted branching ratios are estimated to be BR(Bc → D0µν¯µ) = (2.4 ± 0.4) · 10−5
and BR(Bc → D∗µν¯µ) = (7 ± 3) · 10−5, and the semileptonic ratios for testing the lepton
flavour universality in these Bc decays are Rc(D0) = 0.64± 0.05 and Rc(D∗) = 0.55± 0.05.
We also provide q2 distributions and various angular observables of Bc → D(∗)lν decays.
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1 Introduction
Precise determination of the CKM matrix elements, in particular of |Vub| and |Vcb| are cru-
cial for studies of flavor physics and CP violation in the quark sector. There is a tremendous
experimental progress in the extraction of these CKM matrix elements through both in-
clusive and exclusive b-quark decay measurements and the values have already achieved
– 1 –
impressive precision [1]:
|Vub|incl = (4.49± 0.16+0.16−0.17± 0.17) · 10−3, |Vcb|incl = (42.2± 0.8) · 10−3,
|Vub|exc = (3.67± 0.09± 0.12) · 10−3, |Vcb|exc = (41.9± 2.0) · 10−3,
|Vub|/|Vcb|inc = 0.107± 0.007 ,
|Vub|/|Vcb|excl = 0.088± 0.006 , (1.1)
with the present averaged values
|Vub|aver = (3.94± 0.36) · 10−3, |Vcb|aver = (42.2± 0.8) · 10−3, (1.2)
|Vub|/|Vcb|aver = 0.092± 0.008 . (1.3)
The problem with existing determinations of |Vub| and |Vcb| is a persistent discrepancy be-
tween the values obtained from inclusive and exclusive b-hadron decays. While the inclusive
|Vcb| determination already achieved the precision of 1−2% and it was shown recently [2, 3]
that |Vcb|excl may be shifted towards the inclusive value by using more sofisticated the BGL
parametrization of the form factors [4, 5] (although care must be taken in the interpretation
of the results), we can see that the values for |Vub| obtained from inclusive and exclusive
decays still differ by approximately 3.5 standard deviations.
The main source for the extraction of |Vub| from the exclusive decays is the semileptonic
B → pilν decay, which is precisely measured and also relatively precisely determined theoret-
ically. Theoretical uncertainties are mainly connected with the hadronic non-perturbative
uncertainties hidden in the transition B → pi form factors form factors. Fortunately, there
are nowadays precise theoretical calculation of B → pi form factors in the framework of the
light-cone sum rules, at q2 ≤ 6 − 7 GeV [6–8] and on the lattice at q2 ≥ 15 GeV [9, 10],
which combined, by using constraints from unitarity and analiticity, enable the form factor
determination in a full q2 range and very precise determination of |Vub| [11]:
|Vub|B→pi = (3.53± 0.08stat ± 0.06syst) · 103 . (1.4)
With the accumulation of a big sample of Λ0b data at LHCb, it became possible to study
also the semileptonic Λ0b decays for extraction of the |Vub|/|Vcb| ratio [12] using the QCD
lattice results for the form factors [13]:
|Vub|/|Vcb|Λb→Λc = 0.084± 0.004exp ± 0.004lattice , (1.5)
which is again somewhat lower than the inclusive determination of this ratio in (1.1).
The extraction of |Vub| (and |Vcb|) from measured inclusive or exclusive semileptonic B
meson decays rely on different experimental techniques to isolate the signal and on differ-
ent theoretical descriptions of QCD contributions to the underlying weak decay processes.
Therefore, in the future there will be need for more information from various b → ulν
decays to extract Vub [14]. The most promising exclusive decays are B → (η, η′, ω, ρ)lν
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and in the near future also Bc → D(∗)lν decay which we discuss here. LHCb plans to go
for rare Bc → D0lν decays in the Upgrade II [15]. As stated for the LHCb Upgrade II,
approximately 30,000 reconstructed Bc → D0lν decays can be expected with the 300 fb−1
Upgrade II dataset, which could lead to a competitive measurement of |Vub| from these
decays too.
Also there is an extensive research in testing of the lepton flavor universality in various
semileptonic decays, probing the ratios
R(Hb,c) =
BR(H ′b,c → Hb,cτν)
BR(H ′b,c → Hb,c(µ, e)ν)
, (1.6)
which for B → K∗, B → D∗ consistently show 2 − 3σ lower values than predicted in
the Standard Model (SM). Recently, also the potential sign of the lepton-flavour non-
universality was observed for semileptonic Bc → J/ψ decay [17–19]. With upgraded de-
tectors in the next run of LHC, it would be possible to sample enough data in LHCb
experiment for the analysis of other semileptonic Bc decays.
Therefore, in this paper we address calculation of the Bc → D(∗) form factors and
analyse the semileptonic Bc → D(∗) decays. For calculating the form factors we use the
three-point sum rule (3ptSR) method [20]. Although the method itself has some limitations,
for a such type of heavy-to-heavy decays this is the only method of the QCD sum rules
applicable, since neither the heavy-quark symmetry neither the description of the mesons
in terms of light-cone distribution amplitudes are applicable. The lattice QCD form factor
predictions for these decays are also no existing yet. Other methods used for the estimation
of Bc → D∗ form factors, like various relativistic quark models give form factors which
precision cannot be systematically controlled and therefore calculated values for the form
factors differ in a large range, see Table 3.
The 3ptSR method was developed a long time ago and was applied successfully to the
calculation of the pion electromagnetic form factor at intermediate momentum transfer.
Soon it was applied for the first time in the calculation of the semileptonic decay D → Keν
and then it was used in the calculation of weak B-meson decays. New insights in the
application of the 3ptSR in weak decays were given in [21]. In this paper the authors were
discussed in detail the validity of the approach and possible issues of the application to the
3ptSR model. We will follow the discussion and extend the estimation of the form factors
by including the non-local condensate contributions to the non-perturbative part, apart
from the leading small local gluon-condensate contribution discussed in the literature.
The structure of the paper is as follows. In the Sec.2 we discuss the 3ptSR calculation
of the form factors, their q2 dependence and extrapolation to high q2 transition momenta
by using different z-parametrizations and present our results. In the Sec.3 we give our
predictions for decay rates and several asymmetries in Bc → D(∗)lν decays. In the same
section we also analyze the determination of the |Vub| and the |Vub|/|Vcb| ratio and discuss
the usefulness of the Γ(Bc → D0eν¯e)/Γ(Bc → Bseν¯e) ratio at the zero recoil to extract
|Vub|/|Vcs| from the experiment. We conclude in Sec.4. The analytical results for various
3ptSR perturbative and non-perturbative form factor contributions are given in Appendix
A, while numerical parameters used and the details of form factor high q2 parametrizations
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are summarized in Appendix B. In Appendix C we give expressions relevant for the cal-
culation of various q2 and angular distributions, as well as binned q2 distributions to be
compared with the future measurements.
2 Calculation of Bc → D(∗) form factors
We choose to parametrize Bc → D(∗) matrix elements in terms of form factors according
to BSW parametrization [22]. For the Bc → D0 we use
〈D0(p2)|Vµ |Bc(p1)〉 = f+(q2)
[
Pµ −
m2Bc −m2D0
q2
qµ
]
+ f0(q
2)
m2Bc −m2D0
q2
qµ , (2.1)
whereas for Bc → D∗ the parametrization is
−i 〈D∗(p2)| (V −A)µ |Bc(p1)〉 = i 2V (q
2)
mBc +mD∗
εµναβ
∗νpα2 p
β
1 − (mBc +mD∗)A1(q2)∗µ
+
A2(q
2)
mBc +mD∗
(∗ · q)(p1 + p2)µ + 2mD
∗
q2
(A3(q
2)−A0(q2))(∗ · q)qµ ,
(2.2)
where q = p1 − p2 and P = p1 + p2 and it should be noted that there is the Ward identity
to be satisfied, namely, A3(0) = A0(0). Also, then
A3(q
2) =
mBc +mD∗
2mD∗
A1(q
2)− mBc −mD∗
2mD∗
A2(q
2) . (2.3)
In the case of pseudoscalar final state one has f+(0) = f0(0). Decay constants are defined
as
〈0| c¯iγ5b |Bc〉 = fBc
m2Bc
mc +mb
,
〈0| c¯iγ5u |D0〉 = fD0
m2D0
mu +mc
,
〈0| c¯γνc |D∗〉 = fD∗mD∗ν .
(2.4)
The standard procedure for the evaluation of form factors in the framework of 3ptSR starts
by considering the three-point functions
ΠPµ (p1, p2) = i
2
∫
d4x d4y e−i(p1x−p2y)〈0|T {jP (y)Vµj†Bc(x)}|0〉 ,
ΠVµν(p1, p2) = i
2
∫
d4x d4y e−i(p1x−p2y)〈0|T {jV ν(y)(V −A)µj†Bc(x)}|0〉 , (2.5)
where Bc and P = D0, V = D∗ states are interpolated by the currents
jBc(x) = c¯(x)iγ5b(x),
jP (x) = q¯1(x)iγ5q2(x),
jνV (x) = q¯1(x)γ
νq2(x).
(2.6)
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We use here P and V to generally denote cases with pseudoscalar and vector mesons in the
final state, respectively. This is useful in order to describe in the same way also Bc → J/ψ
and Bc → Bs processes later in the paper. By writing the correlation function for the
Bc → D transition as
ΠµP (p1, p2) = ΠP,1p
µ
1 + ΠP,2p
µ
2 , (2.7)
and the one for Bc → D∗ like
−iΠµνV (p1, p2) = gµν ΠV,0 + pµ2pν1 ΠV,1 + pµ1pν1 ΠV,2 + pµ2pν2 ΠV,3 + pµ1pν2 ΠV,4 + iµναβp2αp1β ΠV,v ,
(2.8)
where ΠP,V are functions of q2, p21 and p22, and after the Borel transforming them one gets
the final expressions for the pseudoscalar form factors
f+(q
2) =
(mb +mc)mc
2m2Bcm
2
D∗fBcfD0
e
m2Bc
M21
+
m2
D∗
M22 M21M
2
2
[
B−p21(M
2
1 )B−p22(M
2
2 )
(
ΠP,1(q
2) + ΠP,2(q
2)
)]
,
f0(q
2) =
(mb +mc)mc
2m2Bcm
2
D∗fBcfD0
e
m2Bc
M21
+
m2
D∗
M22 M21M
2
2×
×
[
B−p21(M
2
1 )B−p22(M
2
2 )
(
ΠP,1(q
2)−ΠP,2(q2)
m2Bc −m2D∗
q2 + ΠP,1(q
2) + ΠP,2(q
2)
)]
,
(2.9)
and with complete analogy for the vector case
V (q2) = −(mBc +mD∗)(mb +mc)
2fBcfD∗m
2
Bc
mD∗
exp
{
m2Bc
M21
+
m2D∗
M22
}
M21M
2
2
[
B−p21(M
2
1 )B−p22(M
2
2 )ΠV,v
]
,
A1(q
2) = − mb +mc
(mBc +mD∗)fBcfD∗m
2
Bc
mD∗
exp
{
m2Bc
M21
+
m2D∗
M22
}
M21M
2
2×
×
[
B−p21(M
2
1 )B−p22(M
2
2 )ΠV,0
]
,
A2(q
2) = −(mBc +mD∗)(mb +mc)
2fBcfD∗m
2
Bc
mD∗
exp
{
m2Bc
M21
+
m2D∗
M22
}
M21M
2
2×
×
[
B−p21(M
2
1 )B−p22(M
2
2 )
(
ΠV,1 + ΠV,2
)]
,
A0(q
2) = − mb +mc
2fBcfD∗m
2
Bc
m2D∗
exp
{
m2Bc
M21
+
m2D∗
M22
}
M21M
2
2 ×
×
[
B−p21(M
2
1 )B−p22(M
2
2 )
(
ΠV,0 + (m
2
Bc −m2D∗)
ΠV,1 + ΠV,2
2
− q2 ΠV,1 −ΠV,2
2
)]
,
(2.10)
where M21 ,M22 are the Borel parameters in the Bc and D(∗) channels, respectively.
In the OPE expansion in QCD we will take the perturbative part and non-perturbative
terms up to dimension 5:
Πi = Π
pert
i + Π
(3)
i + Π
(4)
i + Π
(5)
i + . . . , (2.11)
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with contributions shown in Fig. 1. The dim=3 terms are proportional to to the quark
condensates 〈q¯q〉 (q = u, d, s), dim=4 terms are proportional to the gluon condensate 〈GG〉,
while the dim=5 terms come from the contribution of the mixed quark-gluon condensate
〈q¯σGq〉.
Figure 1: Contributions to correlation function from left to right: (a) perturbative diagram,(b)
nonlocal quark condensate diagram, (c) an example of a quark-gluon condensate diagram, (d) an
example of a gluon condensate diagram.
The perturbative part is calculated by standard methods imposing the Cutkosky rules
to calculate simultaneously discontinuities in p21 and p22 of amplitudes (Figure 1a),
(−4)Ims1,s2Πperti (s1, s2, q2) = ρi(s1, s2, q2), and then by using the double dispersion relation
Πperti (p
2
1, p
2
2, q
2) = − 1
(2pi)2
∫∫
ρi(s1, s2, q
2)
(s1 − p21)(s2 − p22)
ds1ds2 . (2.12)
The explicit results for ρi(s1, s2, q2) for various form factors are given in Appendix A.1.
It is easy to see that the quark- and mixed quark-gluon condensate contributions (Figure
1b,c) vanish after the Borel transformations in both variables p21 = p2Bc and p
2
2 = p
2
D(∗) .
However, this is only true if one considers local condensates. To improve the picture we
examine the influence of non-local quark condensates 〈q¯(x)[x, 0]q(0)〉 [23] in Bc → D(∗)lν
decays. The non-local quark condensates are usually introduced as
〈q¯(x)q(0)〉 = 〈q¯q〉
∞∫
0
dν eν
x2
4 f(ν) (2.13)
with the model-dependent function [24]
f(ν) =
λa−2
Γ(a− 2)ν
1−ae−λ/ν , a− 3 = 4λ
m20
(2.14)
or in the simpler version [23], which we use in this paper
f(ν) = δ
(
ν − m
2
0
4
)
. (2.15)
The first two moments of the model function f(ν) are fixed by OPE as
∞∫
0
dν f(ν) = 1,
∞∫
0
dν ν f(ν) =
m20
4
. (2.16)
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Herem20 is the standard OPE parameter [25, 26] connected with the average quark virtuality,
and is defined as a ratio of quark and quark-gluon condensates
g〈q¯(x)(σ ·G)q(0)〉 ≈ m20〈q¯(x)q(0)〉 . (2.17)
The sensitivity of the sum rules to the choice of the f -function appears to be small.
Numerically the non-local quark condensates Π(3)i = Π
〈q¯q〉
i and the mixed quark-
condensate Π(5)i = Π
〈q¯σ.Gq〉
i are contributing just up to 1% to the result. The analytic
expressions are given in Appendix A.2 and A.3, respectively.
The gluon condensate contributions Π(4)i = Π
〈GG〉
i to Bc → D(∗) form factors are
calculated from diagrams in Figure 1d. The procedure is well known and the expressions
are very lengthy and cumbersome and similar to those already published in the literature
for Bc → J/ψ, ηc transitions [27] and will not be given explicitly here. Some subtleties of
the calculation are given in Appendix A.3. Numerically the gluon condensate contributions
do not exceed O(1%) in determined window of Borel parameters, but somewhat stabilize
the sum rules at smaller values of these parameters.
We deduce that all non-perturbative parts are numerically negligible, and can be safely
neglected. The main contribution to the correlation function (2.11) comes from the pertur-
bative parts, Eqs. (A.3-A.5).
To calculate the form factors in QCD sum rules, in which the correlation function is
written as a sum of perturbative and non-perturbative contributions as in Eq. (2.11), the
perturbative part is calculated by the usual expansion in the coupling constant, while the
non-perturbative part is described by the manner of Wilson’s operator product expansion
as a sum of expectation values of operators of increasing dimension. Since it is known that
when using the Borel-transformed sum rules in calculating heavy meson decay constants
higher orders of perturbation series can contribute as much as 30-40%, depending on the
scheme (heavy-light decay constants are known to NNLO [28]), whereas the QCD 3-point
function is only known to LO, here we parametrize the 3-point function with the same
threshold parameter seff0 that, at LO in QCDSR reproduces the meson decay constants
obtained from the lattice QCD calculations, listed here in Table 1, whereas the Borel
mass parameter M2 is taken in the region where the stability is achieved in the sense
of appearance of the so called Borel plateau (we aim at the ∼ 5% stability in the Borel
parameters in the given Borel window), along with some other conditions commented on
below.
Meson lattice [MeV] our value [MeV] seff0 [GeV2] M2 [GeV2]
fBc 427±8 [29], 434±5 [30] 425±25 53-55 30-50
fD0 213±2 [31], 207±4 [32] 212±16 7-7.5 4-6
fD∗ 278±23 [33], 224±9 [34] 258±40 6-8 6-8
Table 1: Decay constants of mesons with 3ptSR parameters.
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An approximate relation connecting the Borel mass parameters of different meson decay
constants noticed by authors in [35]
M21
M22
≈ m
2
M1
−m2Q1
m2M2 −m2Q2
(2.18)
where mMi is mass of the meson, and mQi is the mass of its heavier quark, is found to
hold here too, and, as will be later shown, in 3-point calculations as well. Note however,
that the uncertainties arising in our calculation of decay constants are connected with our
specific method of calculation, since our threshold parameters are actually fixed so that
they reproduce the lattice values, along with their uncertainties. Venturing into the 3-point
calculation, as mentioned above, we use the same Borel thresholds paired with the decay
constants that are reproduced by them. It is important to notice that, when estimating
uncertainties in the parameters of the 3ptSR calculation we do not vary the decay constants
and thresholds independently, but rather we always use decay constants values together with
the corresponding thresholds fixed by the decay constants calculation. The hope is that
all the higher order/higher dimension operator contributions are reproduced through the
threshold modification in the 3-point calculation as well. Otherwise, for the b quark we use
the so called "potential subtracted" mass [36], which is coincidentally very close to both
the Υ(1S) scheme mass [37] and the kinetic scheme mass [38, 39], whereas the c-quark
the mass is then given by varying the ratio Z of the two masses given by the QCD lattice
calculation [40, 41], keeping in mind that we do not use the MS masses, and this ratio for
pole masses tends to be lower as higher order corrections are included - which is why we
choose to use a somewhat lower value of Z. The same method described above was already
used for calculating Bc → ηc, J/ψ transition form factors in [18]. All parameters used are
listed in Table 2.
mb = 4.6
+0.1
−0.1 GeV mBc = 6.275 GeV M
2
Bc
= 60− 90 GeV2
mc = Zmb, Z ≈ 0.29+0.1−0.1 mD0 = 1.865 GeV M2D0 = 8− 12 GeV2
mD∗ = 2.007 GeV M2D∗ = 12− 16 GeV2〈
αs
pi GG
〉
= 0.009± 0.007 GeV4 [42] m0 = 0.8− 1.05 GeV τBc = 0.507± 0.009 ps
Table 2: Parameters used in the QCDSR calculation.
As for the Borel mass parameters, it is found that stability in the sense of appearance
of the Borel plateau is achieved for approximately twice of the values of the Borel mass
parameters used in the 2-point sum rule, so that
M22pt.
M23pt.
≈ 1
2
, (2.19)
which is a heuristic finding also confirmed by prior QCDSR studies.
In Table 3 we give our prediction for the form factors at q2 = 0 together with an
extensive list of the earlier results found in literature. Note that the form factors predicted in
– 8 –
previous QCDSR calculation [43] are significantly larger then our results and those obtained
from other model calculations. The reason can be found in the fact that the authors
there renormalize their perturbative spectral densities using Coulomb-like gluon exchange
corrections which usually results in multiplying the bare values by a factor of three or more.
Another remark is that this kind of renormalization should work at q2max, leaving the scaling
with q2 somewhat ambiguous, especially having in mind that the QCDSR are supposed to
be reliable in the maximum recoil region. The authors thus claim that this implies that
their results can be considered to represent the upper bounds in the QCDSR approach.
Form Factor
QCDSR
this work
QCDSR
[43]
CCQM
[44, 45]
pQCD
[46]
RQM
[47]
RQM
[48]
LFQM
[49]
fD
0
+,0(q
2 = 0) 0.16± 0.02 0.32 0.19 0.19(7) 0.14 0.14 0.16(4)
V D
∗
(q2 = 0) 0.27± 0.04 1.66 0.23 0.25(11) 0.18 0.17 0.13(3)
AD
∗
1 (q
2 = 0) 0.17± 0.03 0.43 0.14 0.18(8) 0.17 0.10 0.08(2)
AD
∗
2 (q
2 = 0) 0.17± 0.03 0.51 0.15 0.20(8) 0.19 0.11 0.07(2)
AD
∗
0 (q
2 = 0) 0.17± 0.04 0.35 0.13 0.17(7) 0.14 0.09 0.09(2)
Table 3: Form factor predictions at q2 = 0 in various models.
2.1 High q2 extrapolation of the form factors
Considering the fact that the QCDSR method is realiable only in the low q2 region, we
calculate the form factors for 0 ≤ q2 ≤ 10 GeV2, extrapolate them to high q2 region using the
Bourrely-Caprini-Lellouch (BCL) approach [50] and then compare it to the Boyd-Grinstein-
Lebed (BGL) [4, 5] one. Both methods use unitarity by defining a conformal variable
z ≡ z(q2, t0) =
√
t∗ − q2 −
√
t∗ − t0√
t∗ − q2 +
√
t∗ − t0
, (2.20)
which maps the q2-plane for q2 > t∗ onto a unit disk in the complex plane, with z(t∗, t0) =
−1, z(∞, t0) = 1, and z(t0, t0) = 0. The parameter t0 therefore determines the q2 point
which is mapped to the origin of the disk, and all the poles beneath t∗ need to be compen-
sated for by the fitting function. Traditionally, one would choose t∗ = t+ = (mBc +mD(∗))
2
and then compensate for all the resonances beneath t∗. Then, one would assume that the
two-particle contributions to the form factor (seen as branch cuts beneath t∗) are negligible,
even though there might be plenty. In our case, however, it turns out to be beneficial to use
t∗ = (mB(∗) +mη)
2 for Bc → D semileptonic decays and t∗ = (mB(∗) +mρ)2 for Bc → D∗
semileptonic decays, for then there is a maximum of two resonances contributing to a single
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form factor which are then removed by the Blaschke factor in the BGL parametrization or
by the standard pole dependence of form factors in the BCL 1.
The fitting function is then expanded in a power series in z multiplied by a function
compensating for the poles, which is for the two cases inspected here given as
FBGLi (z) =
1
Bi(z)φi(z)
∞∑
k=0
akz
k , FBCLi (z) =
1
Pi(z)
∞∑
k=0
bkz
k , (2.21)
where FBGLi (z) are the helicity form factors defined as
g(z) =
2
mBc +mD∗
V (z); f(z) = (mBc +mD∗)A1(z); F2(z) = 2A0(z);
F1(z) = 1
mD∗
[
− λ(mBc ,mD∗ , q
2)
mBc +mD∗
A2(z)− 1
2
(q2 −m2Bc +m2D∗)(mBc +mD∗)A1(z)
]
(2.22)
for the vector particle and
fBGL0 (q
2) = (M2Bc −M2D)f0(q2) (2.23)
for the pseudoscalar one, whereas for FBCLi (z) the standard form factor basis from Eq. (2.2)
is used and the functions
Bi(z) =
n∏
R=1
z − z(m2R, t0)
1− zz(m2R, t0)
and Pi(z) =
n∏
R=1
(
1− q
2(z)
m2R
)
(2.24)
account for n resonances of masses mR below the threshold. One can notice that in the
original BCL paper authors used the fact that the derivative of the form factor vanishes at
q2 = t+, which is a consequence of angular momentum conservation, and expression-wise
relies on the fact that z(q2 = t+) = −1, which isn’t the case here, since we chose t∗ 6= t+.
Therefore, we do not utilize this fact and keep the parametrization in its more simple form.
The form factors in the helicity basis are used in the case of fitting to the BGL function,
since in this basis unitarity relations are diagonalized and the φi(z) functions are readily
available. The latter are calculable perturbatively and have been known for a long time
now. We list them in Appendix B.3.
A final comment concerns the parameter t0. Here we have chosen the value that
optimizes the fit in the sense that it reduces the possible error originating from truncating
the series in (2.21). This is achieved for z(0, t0) = −z(q2max, t0), which lowers the overall
maximum value of z, and thus |zmax| ≈ 0.106.
1As noticed in [19] in earlier works the threshold was always taken as t∗ = t+, which might introduce a
subthreshold branch cut in the region |z| < 1. Similarly as used in [19] for their case, since we are interested
only in the semileptonic decays at m2l ≤ t ≤ t−, we can take the smaller thresholds: t∗ = (m(∗)B +mη)2
for Bc → D semileptonic decays and t∗ = (m(∗)B + mρ)2 for Bc → D∗ semileptonic decays, which are
always larger than allowed t in these decays. It should be noticed however that these thresholds are not the
lowest possible ones. The lowest threshold for Bc → D(∗) semileptonic decays would be t∗ = (m(∗)B +mpi)2.
However, in that case some of the form factors would not have expected pole behavior and would show a
slight instability at higher t which we avoid with above choices of the threshold parameters t∗.
– 10 –
For mB(∗) we use the experimentally well established values, while for the other reso-
nances we use values obtained by a recently updated quark model [51], all listed in Table
4.
JP threshold mR [GeV] BGL: a0 a1 χ2[10−2] BCL: b0 b1 χ2[10−2]
1− Bη 5.32 f+ 0.0087 -0.032 0.1 f+ 0.23 -0.7 1
0+ Bη 5.76 fBGL0 0.019 -0.07 5 f0 0.18 -0.2 0.8
1− B∗ρ 5.32, 5.93 g 0.019 -0.04 1 V 0.25 0.2 0.9
1+ Bρ 5.78, 5.78 f 0.0055 -0.01 2 A1 0.11 0.5 4
1+ Bρ 5.78, 5.78 F1 0.0010 -0.003 0.6 A2 0.16 -0.1 6
0− Bρ 5.28, 5.91 F2 0.022 -0.05 0.5 A0 0.12 0.3 20
Table 4: Summary of the fits for Bc → D and Bc → D∗ form factors.
Errors of the fitting parameters from Table 4 and their correlations are given in Ap-
pendix B.2. In Bc → D(∗) decays, being b → u transitions, the parameter |zmax| in the
form factor q2-expansion is somewhat larger, and the functions |φi(z)min| are smaller than
in typical b → c transitions, and one would need to go to higher order in z to reduce the
truncation error - which would be unusable here, since we have no high-q2 points to impose
bounds on parameters of the fit multiplying higher orders in z. Actually adding higher
orders of z to the fit function only marginally changes its central shape, which is mostly
witnessed through the central value of ffit+ (q2max), which changes at most by ∼ 10% and
always stays inside the uncertainties of the linear z fit. Using f+(q2) as a benchmark, the
difference of the two fitting procedures is made obvious in Figure 2, where one can see
that compensating multiple resonances using a multipole function Pi(q2) can be a bit more
violent, driving the fit towards higher form factor values.
f+BGL(q2 )
f+BCL (q2 )
f+QCDSR(q2 )
0 5 10 15
0.2
0.4
0.6
0.8
1.0
q2 [GeV2]
VBGL(q2 )
VBCL (q2 )
VQCDSR(q2 )
0 5 10 15
0.5
1.0
1.5
2.0
q2 [GeV2]
Figure 2: The BGL (purple, dot-dashed line) and BCL (orange, full line) fits to the QCDSR values
of f+(q2) and V (q2).
Knowing that traditionally (in B → pi, B → D(∗) decays) sum rules undervalue the form
– 11 –
factors at zero-recoil, one is tempted to use the fit that reproduces higher values of zero-
recoil form factors, even if this is somewhat less faithful to our QCDSR results in terms of
χ2, defined for the i−th form factor as
χ2i =
∑
j
[F fiti (q
2
j )− FQCDSRi (q2j )]2
[σ2Fi(q
2
j )]
2
. (2.25)
In our fits this turns out to be the case when the more simple BCL choice of parametrization
is adopted, which is consequently the one we use in our phenomenological analysis from
now on. The difference anyways turns out to be almost negligible for all of the form factors.
In Figure 3 we present the q2-dependence of form factors which we use further in the
analysis. One can notice that the Bc → D∗ form factors come with a larger uncertainty,
f+(q2)
f0(q2)
0 5 10 15
0.0
0.2
0.4
0.6
0.8
1.0
1.2
q2 [GeV2]
V(q2)
A1(q2)
0 5 10 15
0.0
0.5
1.0
1.5
2.0
q2 [GeV2]
A2(q2)
A0(q2)
0 5 10 15
0.0
0.5
1.0
1.5
2.0
q2 [GeV2]
Figure 3: Final predictions for Bc → D(∗) form factors obtained by extrapolating 3ptSR results
to higher q2 regions by using the BCL parametrizations.
which stems from the fact that the value of fD∗ decay constant is more uncertain than of
fD, in both lattice and our fitted results, see Table 1. In Figure 4 we show a comparison
of our prediction for f+(q2) to two quark models, namely the constituent quark model,
CCQM [44] and the light quark model, LFQM [49], where a good agreement among results
can be noticed, despite the difference in approaches when obtaining them.
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f +(q2 )
Figure 4: The purple solid line and the area represents our result for f+(q2) form factor with
errors; the blue dashed-line is the result of CCQM [44] and the red dash-dotted one is the LFQM
prediction from [49].
3 Semileptonic Bc → D(∗) decays and the |Vub| determination
3.1 Predictions for the decay rates and angular observables
Having in hands calculated form factors in the full q2 range we now turn towards the
predictions of Bc → D(∗)lν branching ratios and asymmetries.
The general expression for the double differential distributions can be given as
d2Γ(Bc → D(∗)lν¯l)
dq2d cos θl
= aD
(∗)
θl
(q2) + bD
(∗)
θl
(q2) cos θl + c
D(∗)
θl
(q2) cos2 θl , (3.1)
where θl is the angle between the lepton and the final state meson in the center-of-
momentum frame of the leptonic pair, and the exact expressions for the aθl(q
2), bθl(q
2)
and cθl(q
2) coefficients are given in the Appendix C.1. The partial q2 differential decay
widths is then given in each case by integrating over cos θl, or, specifically in the case of
Bc → D0lν¯l,
dΓ(Bc → D0lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D0
, q2)
(
1− m
2
l
q2
)2
×
×
[(
1 +
m2l
2q2
)
|h0(q2)|2 + 3m
2
l
2q2
|ht(q2)|2
]
,
(3.2)
whereas for the case of Bc → D∗lν¯l we have
dΓ(Bc → D∗lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2
×
×
[(
1 +
m2l
2q2
)
(|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2) + 3
2
m2l
q2
|Ht(q2)|2
]
,
(3.3)
with a new set of helicity form factors, defined as
h0(q
2) =
√
λ(m2Bc ,m
2
D0
, q2)
q2
f+(q
2) , ht(q
2) =
m2Bc −m2D0√
q2
f0(q
2), (3.4)
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and
H±(q2) = −i
[
±
√
λ(m2Bc ,m
2
D∗ , q
2)
mBc +mD∗
V (q2) + (mBc +mD∗)A1(q
2)
]
,
H0(q
2) = − i
2mD∗
√
q2
[
(mBc +mD∗)(m
2
Bc −m2D∗ − q2)A1(q2)
− λ(m
2
Bc
,m2D∗ , q
2)
mBc +mD∗
A2(q
2)
]
,
Ht(q
2) = −i
√
λ(m2Bc ,m
2
D∗ , q
2)√
q2
A0(q
2).
(3.5)
When dealing with helicity amplitudes one needs to remember that they are defined through
the specific choice of the virtual vector boson polarization, and the seminal paper dealing
with such treatment in details is [52], so we choose not to elaborate on these further. In
both of these cases it is also beneficial to define the differential decay width as a sum of
contributions of left and right lepton helicity projections along the z-axis
dΓ−(Bc → D0lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D0
, q2)
(
1− m
2
l
q2
)2
|h0(q2)|2 ,
dΓ+(Bc → D0lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D0
, q2)
(
1− m
2
l
q2
)2m2l
2q2
[|h0(q2)|2 + 3|ht(q2)|2] ,
(3.6)
and
dΓ−(Bc → D∗lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2
×
× [|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2]] ,
dΓ+(Bc → D∗lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2m2l
2q2
×
× [|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2 + 3|Ht(q2)|2] ,
(3.7)
so that it’s obvious that Γ = Γ+ + Γ−. In the case of the D∗ in the final state, one can look
at both, the longitudinal and the transverse D∗ polarization contribution,
dΓL(Bc → D∗lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2
×
×
[(
1 +
m2l
2q2
)
|H0(q2)|2 + 3
2
m2l
q2
|Ht(q2)|2
]
,
dΓT (Bc → D∗lν¯l)
dq2
=
G2F |Vub|2q2
192pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2
×
×
(
1 +
m2l
2q2
)[|H+(q2)|2 + |H−(q2)|2] ,
(3.8)
– 14 –
respectively, where again Γ = ΓL + ΓT .
Our predictions for integrated decay rates of both decays are given in Table 5.
Mode This work [53] [43] [45] [49] [46] [47] [54] [48] [55]
Γ(Bc → D0lν¯l) 31± 6 51 59 43 43 46 19 26 20 49
Γ(Bc → D0τ ν¯τ ) 21± 4 31 32 27 30 32 - - - -
Γ(Bc → D∗lν¯l) 85± 33 56 270 78 64 160 110 53 34 192
Γ(Bc → D∗τ ν¯τ ) 46± 20 32 120 44 39 94 - - - -
Table 5: Decay widths of Bc → D0,∗ decays, given in 10−18 GeV
using the PDG average value of Vub from Eq.(1.2).
We plot in Fig.5 the partial differential decay rates in units of |Vub| GeV−1. It is obvious
that one can achieve the satisfactory precision for Bc → Dlν¯l decays, while the theoretical
errors in the Bc → D∗ form factors and uncertainties in the Bc and D∗ decay constants
drive predictions for Bc → D∗lν¯l to be quite uncertain.
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Figure 5: Partial differential decay rates with errors of Bc semileptonic transitions to D (left), and
to D∗ (right), where the orange solid-line/area corresponds to µ in the final state, and the purple
dashed-line/area to the case with τ final state.
Both experimentally and theoretically, due to the cancellations of uncertainties, it is
preferable to extract the ratios
Rc(D
0) ≡ B(Bc → D
0τ ν¯τ )
B(Bc → D0µν¯µ) = 0.64± 0.05,
Rc(D
∗) ≡ B(Bc → D
∗τ ν¯τ )
B(Bc → D∗µν¯µ) = 0.55± 0.05,
(3.9)
which measure the ratios of branching fractions of the semileptonic decays to a τ lepton
to the branching fractions to a muon. Once measured the ratios in (3.9) will serve as a an
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Figure 6: Ratios of differential partial decay rates Bc semileptonic transitions to D (left), and to
D∗ (right) with tau in the final state to the case with muon in the final state.
additional test of the lepton flavour universality in Bc decays. Considering this ratio, we
agree with [53], [45], and [46], but disagree with [43]. The q2 distributions of differential
forms of dRc(D0) and dRc(D∗) (which are just ratios of partial differential decay rates, as
opposed to integrated rates) are shown in Figure 6.
Further on, we define three angular observables for the decay Bc → D0lν¯l, namely
the forward-backward asymmetry AD
0, l
FB (q
2), the polarization asymmetry of the lepton l,
PD
0, l(q2), and the so-called convexity parameter CD
0, l
F (q
2) as:
AD
0, l
FB (q
2) =
(∫ 1
0 −
∫ 0
−1
)
d cos θ d
2Γ(Bc→D0lν¯l)
dq2 d cos θ
dΓ(Bc→D0lν¯l)
dq2
=
3m2l
2q2
Re
[
h0(q
2)h∗t (q2)
](
1 +
m2l
2q2
)|h0(q2)|2 + 3m2l2q2 |ht(q2)|2 ,
PD
0, l(q2) =
dΓ+(Bc→D0lν¯l)
dq2
− dΓ−(Bc→D0lν¯l)
dq2
dΓ(Bc→D0lν¯l)
dq2
=
m2l
2q2
[|h0(q2)|2 + 3|ht(q2)|2]− |h0(q2)|2
m2l
2q2
[|h0(q2)|2 + 3|ht(q2)|2]+ |h0(q2)|2 ,
CD
0, l
F (q
2) =
1
dΓ(Bc→D0lν¯l)
dq2
d2
d(cos θ)2
[
d2Γ(Bc → D0lν¯l)
dq2 d cos θ
]
=
3
2
|h0(q2)|2
(m2l
q2
− 1)(
1 +
m2l
2q2
)|h0(q2)|2 + 3m2l2q2 |ht(q2)|2 ,
(3.10)
We stress that the arbitrary choice of the lepton angle can change the value of the
forward-backward asymmetry, so one should be careful when referring to its definition. In
Figure 7 we plot the observables just for the case with the τ lepton in the final state, since
the asymmetries with light leptons in the final state are basically constant in the entire q2
range (with the exception of extreme upper and lower kinematical limits):
A
D0, µ/e
FB (q
2) ≈ 0 , PD0, µ/e(q2) ≈ −1 , CD0, µF (q2) ≈ −
3
2
. (3.11)
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Figure 7: Angular observables defined in (3.10) for Bc → D0τ ν¯τ .
For the case of Bc → D∗lν¯l we similarly have
AD
∗, l
FB (q
2) =
(∫ 1
0 −
∫ 0
−1
)
d cos θ d
2Γ(Bc→D∗lν¯l)
dq2 d cos θ
dΓ(Bc→D∗lν¯l)
dq2
= −3
4
|H+(q2)|2 − |H−(q2)|2 − 2m
2
l
q2
Re
[
H0(q
2)H∗t (q2)
]
(|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2)
(
1 +
m2l
2q2
)
+ 32
m2l
q2
|Ht(q2)|2
,
PD
∗, l(q2) =
dΓ+(Bc→D∗lν¯l)
dq2
− dΓ−(Bc→D∗lν¯l)
dq2
dΓ(Bc→D∗lν¯l)
dq2
= −1 + m
2
l
q2
|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2 + 3|Ht(q2)|2
(|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2)
(
1 +
m2l
2q2
)
+ 32
m2l
q2
|Ht(q2)|2
,
CD
∗, l
F (q
2) =
1
dΓ(Bc→D∗lν¯l)
dq2
d2
d(cos θ)2
[
d2Γ(Bc → D∗lν¯l)
dq2 d cos θ
]
=
3
4
(
1− m
2
l
q2
) |H+(q2)|2 + |H−(q2)|2 − 2|H0(q2)|2
(|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2)
(
1 +
m2l
2q2
)
+ 32
m2l
q2
|Ht(q2)|2
,
FD
∗, l
L (q
2) =
dΓL(Bc→D∗lν¯l)
dq2
dΓ(Bc→D∗lν¯l)
dq2
=
|H0(q2)|2 + 3|Ht(q2)|2/(1 + 2q2m2l )
|H+(q2)|2 + |H−(q2)|2 + |H0(q2)|2 + 3|Ht(q2)|2/(1 + 2q2m2l )
,
(3.12)
where in addition we compute the longitudinal polarization fraction of D∗, FD∗L , in the
decay. The results for these observables are shown in Figure 8. Similarly to the prior case
one observable is approximately constant
PD
∗, µ/e(q2) ≈ −1 (3.13)
and it it not shown there. Integrated values of Bc → D∗ angular observables are given in
Table 6. Again, proving that these observables are relatively independent of the hadronic
form factors, good agreement with the recent analysis provided in [56], where the LFQM
form factors from [49] are used, is found.
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Figure 8: Angular observables defined in (3.12) with errors for Bc → D∗(l, τ)ν¯(l,τ), where now l
stands for light leptons, a case depicted by a dashed-line/area in orange, whereas the case with the
final τ state is depicted in purple.
l = µ l = τ l = µ l = τ
AD
∗, l
FB −0.4± 0.2 −0.3± 0.2 AD
0, l
FB ≈ 0 0.30± 0.06
PD
∗, l ≈ −1 −0.6± 0.4 PD0, l ≈ −1 −0.1± 0.1
CD
∗, l
F −0.2± 0.2 −0.02± 0.08 CD
0, l
F ≈ −32 −0.6± 0.1
FD
∗, l
L 0.4± 0.2 0.4± 0.3 - - -
Table 6: Angular observables integrated over the entire kinematic region.
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3.2 |Vub| determination and the |Vub|/|Vcb| ratio
We propose to determine |Vub| by measuring the decay width of Bc → Dµν¯µ. Here we give
our estimates for
ζD0 |Vub|2 ≡ Γ(Bc → D0µν¯µ) (3.14)
as:
ζD0 = (2.0± 0.3)× 10−3 eV . (3.15)
We see that combining our predictions from Table 5 with the future experimental data the
|Vub| can be determined from Bc → D0µν with the theoretical uncertainty of 7.5%. By
calculating the same for the semileptonic Bc → D∗µν decay,
ζD∗ |Vub|2 ≡ Γ(Bc → D∗µν¯µ),
ζD∗ = (5± 2)× 10−3 eV , (3.16)
we see that there the error are much larger there and amount to 20%, which makes this
decay at present less suitable for the |Vub| determination.
In Fig.9 we present |Vub| dependence on the decay rate using our calculated value of
ζD. It is clear that if the decay rate can be measured with 10− 20% accuracy, as expected
in the LHCb Run II [16], then the extraction of the Vub would be possible at the same level
and even more precise.
We also give here the value for
∆ζD0(q
2
1, q
2
2) ≡
1
|Vub|2
∫ q22
q21
dq2
dΓ(Bc → D0µν¯µ)
dq2
(3.17)
which, employing our predicted Bc → D0 form factor f+(q2) from the 3ptSR at mµ2 ≤
q2 ≤ 10 GeV2, Figure 2, amounts to
∆ζD0(m
2
µ, 10 GeV
2) = (1.2± 0.1)× 10−3 eV , (3.18)
while we also present the other bins of ∆ζD0(q21, q22) which can be used together with future
experimental data to determine Vub from Bc → D0µν¯µ decays in Table 9, Appendix C.2.
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Figure 9: The prospect for |Vub| determination from Γ(Bc → Dµν¯µ); the yellow band represents
the PDG value of |Vub|, Eq.(1.2).
The theoretical error of 7.5% might be improved by explicitly adding the αs-corrections
to the 3ptSR, which would certainly reduce the main systematic theoretical uncertainty of
adjusting s0 sum rule parameter. In order to suppress the unknown systematic uncertainty
in the estimation of |Vub| arising from the method itself, here we define the ratio of branching
fractions
RD0J/ψ ≡
ζD0(q
2
min1
, q2max1)
ζJ/ψ(q
2
min2
, q2max2)
=
1
|Vub|2
|Vcb|2
∫ q2max1
q2min1
dΓ(Bc→D0µν¯µ)
dq2
dq2∫ q2max2
q2min2
dΓ(Bc→J/ψµν¯µ)
dq2
dq2
, (3.19)
where the form factors entering dΓ(Bc → J/ψµν¯µ)/dq2 are known to some extent from lat-
tice calculation [57], and are reproduced to a satisfactory precision by the QCDSR method
explained in detail in Sec.2. The form factors for Bc → J/ψ transition were already briefly
presented in [18]. Here the used parameters differ a little from ones used there, due to a
necessary update. The specific values of parameters used in the calculation are listed in
Appendix B.1, Table 7, and the form factors are given in Figure 11 there.
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Figure 10: The prospect for |Vub|/|Vcb| determination from RD0J/ψ; the yellow band represents
the PDG value of |Vub|/|Vcb|, Eq.(1.3).
Also experimentally, due to the very short lifespan of the Bc and a huge background
stemming from B decays, measuring the |Vub| quark coupling strength directly is highly
challenging [12, 15]. Therefore, not surprisingly, it turns out that measuring it through the
ratio defined above has some benefits from the experimental standpoint as well (such as can-
celing the production rate uncertainty). Although challenging, the prospects of using Run
1 + Run 2 data at LHCb are indicating that one could come around 10-20% uncertainties
in |Vub|/|Vcb| measurement in an analysis looking at the B(Bc → D0µν¯µ)/B(Bc → J/ψµν¯µ)
ratio [16]. Therefore, the input of the form factors calculated in Sec.2 and the decay rates
predicted in a particular q2 region, which we provide in Table 10 in Appendix C.2, could be
valuable information. One can see that by combining our predictions forRD0J/ψ with future
measurements one can achieve the most precise determination of |Vub|/|Vcb| in the low-q2
kinematic region in Bc → D0 transition and moderate-q2 region in Bc → J/ψ transition.
In Figure 10 we plot this ratio in the bin defined through q2min1 = q
2
min2
= m2µ, q2max1 =
(mBc−mD0)2/2, and q2max2 = (mBc−mJ/ψ)2/2, which is the kinematic region in which the
QCDSR turns to be most reliable. The current experimental world average of |Vub|/|Vcb|
is also shown on the plot for comparison of theoretical and future experimental predictions
for the ratio of branching fractions directly with the present limit on |Vub|/|Vcb|.
3.3 The |Vub|/|Vcs| ratio
In [58] the authors propose to use the differential ratio of BR(Bc → D0lν) and BR(Bc →
Bslν) at zero recoil defined as
RmaxD0Bs =
1
|Vub|2
|Vcs|2
dΓ(B+c → D0e+νe)/dq2|q2'q2max
dΓ(B+c → Bse+νe)/dq2|q2'q2max
(3.20)
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to determine the |Vub|/|Vcs| ratio. Experimentally, to measure the ratio |Vub|/|Vcs| would be
more challenging than |Vub|/|Vcb|, since the experimental systematics do not nicely cancel
in this ratio [16]. However, since it was proposed that the theoretical uncertainties coming
from the form factors should cancel near the zero recoil point, this could be as well an
interesting possibility in the future, which we examine here. In that region the heavy quark
spin symmetry reduces the number of the form factors of above decays to just one and the
differential decay rate ratio in that limit becomes insensitive to the detailed form of Bc wave
function and proportional just to a ratio of the final meson masses and decay constants.
Namely, in the heavy quark effective theory (HQET) the following parametrization is valid:
〈D0(v, q′)|Vµ(q2) |Bc(v)〉 = 2√mBcmD0
[
Σ1(a0q
′)vµ + a0Σ2(a0q′)q′µ
]
,
〈Bs(v, q′)|Vµ(q2) |Bc(v)〉 = 2√mBcmBs
[
Ωs1(a0q
′)vµ + a0Ωs2(a0q
′)q′µ
]
,
(3.21)
where v is the velocity of the Bc meson, and q′ is a small residual velocity carried by the
final state meson (denoted such as to avoid confusion with q, the momentum carried by the
lepton pair system), so that
p1µ = mBcvµ; p2µ = mfvµ + q
′
µ, (3.22)
with mf = [mD0 ,mBs ]. The parameter a0 is connected to the Bohr radius of the Bc meson
and will not be discussed here. The form factors Σ2(a0q′) and Ωs2(a0q′) are irrelevant for
this discussion, as they do not contribute around the zero-recoil region (q′2 = 0), so in
principle one could deduce about the differential branching fractions near zero recoil just
from the form factors Σ1(a0q′) and Ωs1(a0q′). In [58] it is argued that, owing to this fact,
and by considering the heavy-quark spin symmetry for the remained form factors which
one can write as
Σ1(a0q
′) =
1√
2
fD0
√
mD0
∫
d3x ei~q
′·~xΨ(x),
Ωs1(a0q
′) =
1√
2
fBs
√
mBs
∫
d3x ei~q
′·~xΨ(x),
(3.23)
where Ψ(x) is the Bc meson wave function, the ratio at the zero-recoil,
RFF =
Σ1(a0q
′ ≈ 0)
Ωs1(a0q
′ ≈ 0) (3.24)
should in principle very weakly depend on the particular shape of the wave function, due
to its cancellation, so that in the heavy quark limit
RHQFF ≈
fD0
fBs
√
mD0
mBs
≈ 0.53. (3.25)
We provide in Appendix B.1 some details on calculation of Bc → Bs form factors obtained
analogously to the ones of the Bc → D0 transition and by using them we obtain
RourFF = 0.8± 0.3, (3.26)
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which can be also compared with the result from [59], where the wave functions have been
calculated in the framework of a HQET-inspired quark model, explicitly,
RFF = 0.89 . (3.27)
This is indeed very close to our result and we can conclude that the heavy quark spin
symmetry relations are obeyed in our calculation. This also agrees well with values extracted
from other quark models [47–49]. However, the error in our calculation is quite large, since
the form factors in the two decays are not very correlated, and because one can reliably
use the sum rules for the Bc → Bs case only very close to the maximum recoil region, as
can be noticed from Figure 12, due to the occurrence of non-Landau singularities. Lattice
input might prove to be useful here in order to extrapolate to higher order z terms for both
decays and with more theoretical input the extraction of the |Vub|/|Vcs| ratio from (3.20)
could be viable.
4 Conclusion
In this paper we have discussed semileptonic Bc → D(∗) decays and examined these decays
to extract the CKM parameter |Vub| based on the future LHCb experimental data. It was
shown that specially from the Bc → D0µν¯µ decay the competitive extraction of |Vub| matrix
element might be possible.
For the extraction of |Vub|, it is important to know precisely the Bc → D0 form fac-
tors since the predictions come out essentially proportional to |f+(q2)|2|Vub|2. We have
calculated the Bc → D0 form factors f+(q2) and f0(q2) and the Bc → D∗ form factors
V (q2), A1(q
2), A0(q
2) and A2(q2) using the three-point QCD sum rules. The form factors
are then theoretically confined in the region of q2 ≤ 10 GeV2. The extrapolation to higher
q2 values is discussed for the BGL and BCL z-series and final predictions are given for the
BCL parametrization of form factors, summarized in Table 4 and Figures 2 and 3.
We present the q2 differential decay rate distributions (divided by |Vub|2) for both light
(e or µ) and τ lepton in the final state and also give our predictions for various angular
observables in the Bc → D(∗) semileptonic transitions in Figures 7 and 8, which can be
useful to further scrutinize the SM predictions for these decays: like the forward-backward
asymmetry AlFB(q
2), the lepton polarization P lL(q
2), convexity parameter C lF (q
2) and the
D∗ meson longitudinal polarization fraction, FD∗L in Bc → D∗ decays. In addition we
provide the values of the ratios of branching fractions of the semileptonic decays to a τ
lepton to the branching fractions to a muon, Rc(D0) = 0.64±0.05 and Rc(D∗) = 0.55±0.05,
for testing the lepton favour universality violation in these semileptonic Bc channels, with
the q2 distributions shown in Figure 6.
The possibility of determining the |Vub| CKM matrix element from Bc → D(∗) decays
is carefully studied and have found that the |Vub| can be determined with the uncertainty
of 7.5% form the Bc → D0µν¯µ decay. Experimentally there are good prospects for this
measurement. The Bc decays will be extensively investigated at LHCb in the Upgrade II
[15]. With approximately 30,000 reconstructed Bc → D0lν decays which can be expected
with the 300 fb−1 Upgrade II dataset, the competitive extraction of |Vub| from Bc → D0
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semileptonic decays can be expected. By normalizing Bc → D0µν¯µ to Bc → J/ψµν¯µ the
ratio |Vub|/|Vcb| could be experimentally extracted with 10−20% of uncertainty [16], which
could be also theoretically achieved with the calculated from factors, as shown. We give
the binned distributions of the precision observables ∆ζD0 and RD0J/ψ in Appendix C.2.
It was further demonstrated that numerically our form factors do obey the behaviour
imposed on them by the heavy quark spin symmetry, as dictated by the ratio of Bc → D0
and Bc → Bs transitions [58]. Although the precision is still not satisfactory enough, this
opens up new possibilities in terms of extraction of the |Vub|/|Vcs| ratio, even if experimen-
tally this is going to be extremely challenging.
We hope the analysis of the semileptonic Bc → D(∗) decays and the perspective for
|Vub| measurement in these decays might contribute to the resolution of the problem of the
persisting discrepancy among determinations of |Vub| from exclusive and inclusive b → u
transitions.
A Three-point sum rule contributions to form factors
A.1 Perturbative contributions
The perturbative part is calculated by imposing the Cutkosky rules to calculate simultane-
ously discontinuities in the p21 and the p22 channels of amplitudes (Figure 1a), Ims1,s2Πi(s1, s2, q2),
and then using the double dispersion relation
Πi(p
2
1, p
2
2, q
2) = − 1
(2pi)2
∫∫
ρi(s1, s2, q
2)
(s1 − p21)(s2 − p22)
ds1ds2 , (A.1)
where ρi(s1, s2, q2) = (−4)Ims1,s2Πi(s1, s2, q2). The integration is performed after the Borel
transformations in both channels
B−p21(M
2
1 )B−p22(M
2
2 )→ −
M−21 M
−2
2
(2pi)2
∫∫
ρi(s1, s2, q
2)e
− s1
M21
− s2
M22 ds1ds2 (A.2)
over a phase space up until some effective thresholds s01 and s02. They are evaluated by
requiring that the decay constants, calculated in the QCD sum rule approach reproduce
the lattice results. The final expressions for imaginary parts are
ρP,1 =
3
λ3/2
[(
mc(mu −mc) + s2 +m
2
c −m2u
2
)
λ
+M(s1, s2, q2)
(
2s2(s1 +m
2
c −m2b)− (s2 +m2c −m2u)(s1 + s2 − q2)
)]
,
ρP,2 =
3
λ3/2
[(
mc(mb −mc) + s1 +m
2
c −m2b
2
)
λ
+M(s1, s2, q2)
(
2s1(s2 +m
2
c −m2u)− (s1 +m2c −m2b)(s1 + s2 − q2)
)]
,
(A.3)
for the pseudoscalar case, where
λ ≡ λ(s1, s2, q2) = (s1 + s2 + q2)2 − 4s1s2 ,
M(s1, s2, q2) = −m2c −mbmu +mbmc +mumc + (s1 + s2 − q2)/2 ,
(A.4)
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and for the vector case
ρA0 =
3
2
[
λ(s1, s2, q2)
] 3
2
{
2(mb −mc)
(
m2cλ(s1, s2, q
2) + s1∆
2
2 + s2∆
2
1 −∆1∆2u
)
+λ(s1, s2, q
2)
(
2m2c(mc −mu −mb) +mc(u+ 2mbmc)
−(mc −mu)∆1 − (mc −mb)∆2
)}
,
1
2
(ρA1 + ρ
A
2 ) =
3
2
[
λ(s1, s2, q2)
] 5
2
{[
(mu −mc)
(
2s1∆2 −∆1u
)
+ (mb −mc)
(
2s2∆1 −∆2u−
−2m2c(u− 2s2)
)− 2mc(2s2∆1 −∆2u)]λ(s1, s2, q2) +
+2(mb −mc)
[
∆1∆2(2u
2 + 4s1s2 − 6s2u)− 3u(s1∆22 + s2∆21) + 6s22∆21 +
+2s1s2∆
2
2 + ∆
2
2u
2
]−mc[λ(s1, s2, q2)]2} ,
1
2
(ρA1 − ρA2 ) =
3
2
[
λ(s1, s2, q2)
] 5
2
{[
(mu −mc)
(
2s1∆2 −∆1u
)
+ (mb −mc)
(
2s2∆1 −∆2u−
−2m2c(u+ 2s2)
)
+ 2mc(2s2∆1 −∆2u)
]
λ(s1, s2, q
2) +
+2(mb −mc)
[
∆1∆2(2u
2 + 4s1s2 + 6s2u)− 3u(s1∆22 + s2∆21)− 6s22∆21 −
−2s1s2∆22 −∆22u2
]−mc[λ(s1, s2, q2)]2} ,
ρV =
3[
λ(s1, s2, q2)
] 3
2
{
(mc −mb)(2s2∆1 −∆2u) + (mc −mu)(2s1∆2 −∆2u)
+mcλ(s1, s2, q
2)
}
. (A.5)
Above it was introduced
∆1 ≡ s1 +m2c −m2b ,
∆2 ≡ s2 +m2c −m2u ,
u ≡ s1 + s2 − q2 .
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A.2 Non-local quark-condensate contributions
We write our results for the nonlocal quark condensate in terms of the integrals
I ′0(p
2
1, p
2
2, q
2; a, b) =
∫
d4k
(2pi)4
1
[k2 −m2c ]a[(k + p1)2 −m2b ]b
eA(k+p2)
2
= I˜0(p
2
1, p
2
2, q
2; a, b) ,
I ′µ1 (p
2
1, p
2
2, q
2; a, b) =
∫
d4k
(2pi)4
kµ
[k2 −m2c ]a[(k + p1)2 −m2b ]b
eA(k+p2)
2
= I˜1(p
2
1, p
2
2, q
2; a, b) pµ1 + I˜2(p
2
1, p
2
2, q
2; a, b) pµ2 ,
I ′µν2 (p
2
1, p
2
2, q
2; a, b) =
∫
d4k
(2pi)4
kµkν
[k2 −m2c ]a[(k + p1)2 −m2b ]b
eA(k+p2)
2
= I˜00(p
2
1, p
2
2, q
2; a, b)gµν + I˜11(p
2
1, p
2
2, q
2; a, b)pµ1p
ν
1
+ I˜12(p
2
1, p
2
2, q
2; a, b)pµ1p
ν
2 + I˜21(p
2
1, p
2
2, q
2; a, b)pµ2p
ν
1
+ I˜22(p
2
1, p
2
2, q
2; a, b)pµ2p
ν
2 ,
(A.6)
where, for brevity A = 4/m20. After symbolically denoting the operation of Borel transfor-
mation of independent tensor structures by the letter B, we can write
B−p21(M
2
1 )B−p22(M
2
2 )I˜[in](p
2
1, p
2
2, q
2; a, b) = I[in](M
2
1 ,M
2
2 , q
2; a, b) , (A.7)
where "[in]" stands for any of the indices from Eq. (A.6), and
I0(M
2
1 ,M
2
2 , q
2; a, b)
=
(−1)a+b
(a− 1)!(b− 1)!
i
(4pi)2
1
M21
(
A(M21 +M
2
2 )
M21 (AM
2
2 − 1)
)a−2(
A
M22
M21
)b−1
F(M21 ,M22 ; q2),
I1(M
2
1 ,M
2
2 , q
2; a, b) =
M22
M21
I2(M
2
1 ,M
2
2 , q
2; a, b)
=
(−1)a+b+1
(a− 1)!(b− 1)!
i
(4pi)2
1
M41
(
A(M21 +M
2
2 )
M21 (AM
2
2 − 1)
)a−3(
A
M22
M21
)b−1
F(M21 ,M22 ; q2),
I00(M
2
1 ,M
2
2 , q
2; a, b)
=
(−1)a+b+1
(a− 1)!(b− 1)!
i
(4pi)2
1
2M41
(
A(M21 +M
2
2 )
M21 (AM
2
2 − 1)
)a−3(
A
M22
M21
)b−2
F(M21 ,M22 ; q2),
I11(M
2
1 ,M
2
2 , q
2; a, b)
=
(−1)a+b
(a− 1)!(b− 1)!
i
(4pi)2
1
M61
(
A(M21 +M
2
2 )
M21 (AM
2
2 − 1)
)a−2(
A
M22
M21
)b−3
F(M21 ,M22 ; q2),
I12(M
2
1 ,M
2
2 , q
2; a, b) = I21(M
2
1 ,M
2
2 , q
2; a, b)
=
(−1)a+b
(a− 1)!(b− 1)!
i
(4pi)2
1
M41M
2
2
(
A(M21 +M
2
2 )
M21 (AM
2
2 − 1)
)a−3(
A
M22
M21
)b−2
F(M21 ,M22 ; q2),
I22(M
2
1 ,M
2
2 , q
2; a, b)
=
(−1)a+b
(a− 1)!(b− 1)!
i
(4pi)2
1
M21M
4
2
(
A(M21 +M
2
2 )
M21 (AM
2
2 − 1)
)a−4(
A
M22
M21
)b−1
F(M21 ,M22 ; q2)
(A.8)
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and
F(M21 ,M22 ; q2) ≡
1
AM22 − 1
exp
[
−A M
2
1 +M
2
2
M21 (AM
2
2 − 1)
m2c −A
M22
M21
m2b +
AM22 − 1
M21 +M
2
2
q2
]
. (A.9)
From above expressions one can deduce the nonlocal quark-condensate contribution to a
particular form factor given in the following subsections.
A.2.1 Bc → P transition
The quark condensate contribution to the Bc → P correlation function is
Π
(3)µ
P (p1, p2) = −
3 i4
12
∫∫
d4x d4y e−i(p1x−p2y)〈u¯a(0)ua(y)〉Tr
[
Sc(x, y)γ5γ
µ(1−γ5)Sb(0, x)γ5
]
,
(A.10)
where the color trace has been taken. By expanding the q¯q operator one gets
〈q¯(0)q(y)〉 ≈ 〈q¯q〉 − g y
2
16
〈q¯σµνGµνq〉+ . . . , (A.11)
which, in order to model the nonlocal effects is then substituted with
〈q¯(0) exp
{
ig
∞∫
0
dyµA
µ(y)
}
q(y)〉 = 〈q¯q〉f(y2). (A.12)
After the Fourier transforming of propagators and evaluating the trace we obtain
Π
(3)µ
P (p1, p2) = 〈q¯q〉
∫
d4k
(2pi)4
(mb −mc)kµ −mcpµ1
(k2 −m2c)((k + p1)2 −m2b)
f˜(k + p2), (A.13)
where f˜(k + p2) is the Fourier transform of the chosen model function in coordinate space
f(y2). Then it’s easy to express the Borel-transformed contribution to the form factors as
B−p21(M
2
1 )B−p22(M
2
2 )Π
(3)
P,1(q
2) =
4pi2 i 〈q¯q〉
(
4
m20
)2[
mcI0(M
2
1 ,M
2
2 , q
2; 1, 1) + (mc −mb)I1(M21 ,M22 , q2; 1, 1)
]
,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(3)
P,2(q
2) =
4pi2 i 〈q¯q〉
(
4
m20
)2[
(mc −mb)I2(M21 ,M22 , q2; 1, 1)
]
.
(A.14)
The mixed quark-gluon condensate contribution amounts to
Π
(5)µ
P (p1, p2) = −i4
g
2 · 192
∫∫
d4x d4y d4z e−i(p1x−p2y)zα
〈u¯(0)(σ ·G)u(y)〉Trc
[
tctc
](
Tr
[
Sc(x, z)γ
βSc(z, y)γ5σαβγ
µ(1− γ5)Sb(0, x)γ5
]
+ Tr
[
Sc(x, y)γ5σαβγ
µ(1− γ5)Sb(0, z)γβSb(z, x)γ5
])
.
(A.15)
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The quark-gluon condensate can be approximated in terms of the quark condensate as [20]
g〈q¯(0)(σ ·G)q(y)〉 ≈ m20〈q¯(0)q(y)〉. (A.16)
After the Fourier transformation the amplitude becomes
Π
(5)µ
P (p1, p2) = im
2
0
〈q¯q〉
96
∫
d4k
(2pi)4
∂
∂qα{
Tr
[ /k + /q +mc
(k + q)2 −m2c
γβ
/k +mc
k2 −m2c
γ5σαβγ
µ(1− γ5)
/k + /q + /p1 +mb
(k + q + p1)2 −m2b
γ5
]
+ Tr
[ /k + /q + /p1 +mb
(k + q + p1)2 −m2b
γβ
/k + /p1 +mb
(k + p1)2 −m2b
γ5
/k +mc
k2 −m2c
γ5σαβγ
µ(1− γ5)
]}
q=0
· f˜(k + p2),
(A.17)
or, after differentiating
Π
(5)µ
P (p1, p2) = −im20
〈q¯q〉
96
∫
d4k
(2pi)4
f˜(k + p2){
Tr
[ /k +mc
k2 −m2c
γα
/k +mc
k2 −m2c
γβ
/k +mc
k2 −m2c
γ5σαβγ
µ(1− γ5)
/k + /p1 +mb
(k + p1)2 −m2b
γ5
]
+ Tr
[ /k +mc
k2 −m2c
γβ
/k +mc
k2 −m2c
γ5σαβγ
µ(1− γ5)
/k + /p1 +mb
(k + p1)2 −m2b
γα
/k + /p1 +mb
(k + p1)2 −m2b
γ5
]
+ Tr
[ /k + /p1 +mb
(k + p1)2 −m2b
γα
/k + /p1 +mb
(k + p1)2 −m2b
γβ
/k + /p1 +mb
(k + p1)2 −m2b
γ5
/k +mc
k2 −m2c
γ5σαβγ
µ(1− γ5)
]}
.
(A.18)
The integrals are done with complete analogy to the previous case, with one difference. Now,
due to the differentiation, additional powers of squares of external momenta are present in
the trace, so one needs to Borel-transform according to the rule
I
(m)
[in] (M
2
1 ,M
2
2 , q
2; a, b) ≡ B−p2(M2)
[
(−p2)mI˜[in](p21, p22, q2; a, b)
]
= (M2)m
(
∂
∂M2
)m
[(M2)mB−p2(M2) I[in](M21 ,M22 , q2; a, b)],
(A.19)
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where again, "[in]" stands for any of the indices of the integrals in Eq. (A.6), so that finally,
for the Borel-transformed quark-gluon contribution to the correlation function we have
B−p21(M
2
1 )B−p22(M
2
2 )Π
(5)
P,1(q
2) =
ipi2
6
〈q¯q〉
(
4
m20
){
− 40mcI0(M21 ,M22 , q2; 2, 1) + 32(mb −mc)I1(M21 ,M22 , q2; 2, 1)
+ 8(mb − 2mc)I0(M21 ,M22 , q2; 1, 2) + 16(mb −mc)I1(M21 ,M22 , q2; 1, 2)
+ 8mc
(
mb −mc
)2
I0(M
2
1 ,M
2
2 , q
2; 2, 2)
+ 8
[
(mb +mc)
3 − 4mbmc(mb +mc)
]
I1(M
2
1 ,M
2
2 , q
2; 2, 2)
− 8mcI(1)0 (M21 ,M22 , q2; 2, 2)− 8(mb +mc)I(1)1 (M21 ,M22 , q2; 2, 2)
}
,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(5)
P,2(q
2) =
ipi2
6
〈q¯q〉
(
4
m20
){
32(mb −mc)I2(M21 ,M22 , q2; 2, 1) + 16(mb −mc)I2(M21 ,M22 , q2; 1, 2)
+ 8
[
(mb +mc)
3 − 4mbmc(mb +mc)
]
I2(M
2
1 ,M
2
2 , q
2; 2, 2)
− 8(mb +mc)I(1)2 (M21 ,M22 , q2; 2, 2)
}
.
(A.20)
A.2.2 Bc → V transition
The quark condensate contribution to the Bc → V correlation function is
Π
(3)µν
V (p1, p2) =
3 i5
12
∫∫
d4x d4y e−i(p1x−p2y)〈u¯a(0)ua(y)〉Tr
[
Sc(x, y)γ
νγµ(1−γ5)Sb(0, x)γ5
]
,
(A.21)
so that, after Fourier transforming the propagators, and evaluating the trace we obtain
Π
(3)µν
V (p1, p2) =
i〈q¯q〉
∫
d4k
(2pi)4
(
k2 + (k · p1)−mbmc
)
gµν + kνpµ1 − pν1kµ + iµναβkαp1β
(k2 −m2c)((k + p1)2 −m2b)
f˜(k + p2).
(A.22)
Then it’s easy to express the Borel-transformed contribution to the form factors as
B−p21(M
2
1 )B−p22(M
2
2 )Π
(3)
V,0(q
2) =
4pi2 i 〈q¯q〉
(
4
m20
)2[
mb(mb −mc)I0(M21 ,M22 , q2; 1, 1)− I(1)0 (M21 ,M22 , q2; 1, 1)
]
,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(3)
V,1(q
2) = −4pi2 i 〈q¯q〉
(
4
m20
)2
I2(M
2
1 ,M
2
2 , q
2; 1, 1),
B−p21(M
2
1 )B−p22(M
2
2 )Π
(3)
V,2(q
2) = 0,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(3)
V,v(q
2) = 4pi2 i 〈q¯q〉
(
4
m20
)2
I2(M
2
1 ,M
2
2 , q
2; 1, 1).
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The mixed quark-gluon condensate contribution amounts to
Π
(5)µν
V (p1, p2) = i
5 g
2 · 192
∫∫
d4x d4y d4z e−i(p1x−p2y)zα
〈u¯(0)(σ ·G)u(y)〉Trc
[
tctc
](
Tr
[
Sc(x, z)γ
βSc(z, y)γ
νσαβγ
µ(1− γ5)Sb(0, x)γ5
]
+ Tr
[
Sc(x, y)γ
νσαβγ
µ(1− γ5)Sb(0, z)γβSb(z, x)γ5
])
.
(A.23)
Or, completely analogously to the previous case, by differentiating we get
Π
(5)µν
V (p1, p2) = −m20
〈q¯q〉
96
∫
d4k
(2pi)4
f˜(k + p2){
Tr
[ /k +mc
k2 −m2c
γα
/k +mc
k2 −m2c
γβ
/k +mc
k2 −m2c
γνσαβγ
µ(1− γ5)
/k + /p1 +mb
(k + p1)2 −m2b
γ5
]
+ Tr
[ /k +mc
k2 −m2c
γβ
/k +mc
k2 −m2c
γνσαβγ
µ(1− γ5)
/k + /p1 +mb
(k + p1)2 −m2b
γα
/k + /p1 +mb
(k + p1)2 −m2b
γ5
]
+ Tr
[ /k + /p1 +mb
(k + p1)2 −m2b
γα
/k + /p1 +mb
(k + p1)2 −m2b
γβ
/k + /p1 +mb
(k + p1)2 −m2b
γ5
/k +mc
k2 −m2c
γνσαβγ
µ(1− γ5)
]}
.
(A.24)
The final contributions are then
B−p21(M
2
1 )B−p22(M
2
2 )Π
(5)
V,0(q
2) =
4ipi2
3
〈q¯q〉
(
4
m20
){
I0(M
2
1 ,M
2
2 , q
2; 1, 1) +
1
2
(m2b −m2c)2I0(M21 ,M22 , q2; 2, 2)
− (m2b +m2c)I(1)0 (M21 ,M22 , q2; 2, 2) +
1
2
I
(2)
0 (M
2
1 ,M
2
2 , q
2; 2, 2)
}
,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(5)
V,1(q
2) =
4ipi2
3
〈q¯q〉
(
4
m20
){[
4m2c − (mb +mc)2
]
I2(M
2
1 ,M
2
2 , q
2; 2, 2) + I
(1)
2 (M
2
1 ,M
2
2 , q
2; 2, 2)
+ 4I
(1)
21 (M
2
1 ,M
2
2 , q
2; 2, 2)
}
,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(5)
V,2(q
2) =
16ipi2
3
〈q¯q〉
(
4
m20
){(
m2c −m2b
)
I1(M
2
1 ,M
2
2 , q
2; 2, 2) + I
(1)
1 (M
2
1 ,M
2
2 , q
2; 2, 2)
+ I
(1)
11 (M
2
1 ,M
2
2 , q
2; 2, 2)
}
,
B−p21(M
2
1 )B−p22(M
2
2 )Π
(5)
V,v(q
2) =
4ipi2
3
〈q¯q〉
(
4
m20
){(
mb −mc
)2
I2(M
2
1 ,M
2
2 , q
2; 2, 2)− I(1)2 (M21 ,M22 , q2; 2, 2)
}
.
A.3 Gluon condensate contributions
Here we only briefly sketch the method of the calculation of gluon condensate contributions
to the correlation functions (2.7) and (2.8).
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There are altogether 6 diagrams of the type shown in Figure 1d. The calculation is
done in the Fock-Schwinger fixed-point gauge following the method of the excellent review
[65].
In the process of evaluation of the diagrams we have encountered integrals of the type
Iµ1,µ2,...µi =
∫
dDk
(2pi)4
kµ1kµ2 ...kµi
[k2 −m23]a[(k + p1)2 −m21]b[(k + p2)2 −m22]c
(A.25)
Although the integrals are finite, to simplify the calculation we have worked out the scalar
integral I0 integral in D-dimension so that we can write for the main integrals [66]
Iµ(4, {a, b, c}) =
∫
d4k
(2pi)4
kµ
[k2 −m23]a[(k + p1)2 −m21]b[(k + p2)2 −m22]c
= pµ1
Γ(b+ 1)
Γ(b)
I0(6, {a, b+ 1, c}) + pµ2
Γ(c+ 1)
Γ(c)
I0(6, {a, b, c+ 1}),(A.26)
whereas
Iµν(4, {a, b, c}) =
∫
d4k
(2pi)4
kµkν
[k2 −m23]a[(k + p1)2 −m21]b[(k + p2)2 −m22]c
= −1
2
gµνI0(6, {a, b, c})
+pµ1p
ν
1
Γ(b+ 2)
Γ(b)
I0(8, {a, b+ 2, c}) + pµ2pν2
Γ(c+ 2)
Γ(c)
I0(8, {a, b, c+ 2})
+ (pµ1p
ν
2 + p
ν
1p
µ
1 )
Γ(b+ 1)Γ(c+ 1)
Γ(b)Γ(c)
I0(8, {a, b+ 1, c+ 1}). (A.27)
To Borel-transform the integrals the following expression for I0(D, {a, b, c}) is useful:
I0(D, {a, b, c}) = (−1)
a+b+ci
(4pi)D/2Γ(a)Γ(b)Γ(c)
∫ ∞
0
dαdβdγ
αa−1βb−1γc−1
(α+ β + γ)D/2
e−αm
2
3−βm21−γm22eβγQ
2/(α+β+γ)
·e−p21E
(
β− β(β+γ)
α+β+γ
)
e
−p22E
(
γ− γ(β+γ)
α+β+γ
)
(A.28)
which can be then Borelized by applying
Bp2iE (M
2
i )e
−p2iEXi = δ(1−XiM2i ). (A.29)
All Borel-transformed integrals are then easily calculated by using the analogous expression
of (A.19) and
B−p21(M
2
1 )B−p22(M
2
2 ) I0(D, {a, b, c})
=
(−1)a+b+ci
(4pi)D/2Γ(a)Γ(b)Γ(c)
(
M21
)D/2−a−b (
M22
)D/2−a−c ∫ ∞
0
dy (y +M21 +M
2
2 )
a+b+c−DyD/2−1−b−c
e
−−Q2
y e
−m21
(
y+M21+M
2
2
yM21
)
−m22
(
y+M21+M
2
2
yM22
)
−m23
(
y+M21+M
2
2
M21M
2
2
)
, (A.30)
where for Bc → D(∗) transition one has to take m1 = mb,m2 = 0 and m3 = mc.
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B QCDSR parameters in Bc → D(∗) and Bc → J/ψ,Bc → Bs form factor
calculations and discussion about their q2 dependence
B.1 Parameters in the Bc → J/ψ,Bs 3ptSR calculations
When fitting the threshold parameters for the Bc → J/ψ and Bc → Bs transitions to those
obtained in the calculation of fJ/ψ and fBs decay constants using the same criteria as for
Bc → D(∗) explained in the text, in Sec.2, we obtain parameters listed in Table 7.
Meson lattice [MeV] our value [MeV] seff0 [GeV2] M2 [GeV2]
fJ/ψ 405±6 [60], 399±6 [61] 394± 17 16-17 10-15
fBs 224±5 [30], 229±5 [62] 225±16 37.5-39.5 20-35
Table 7: Decay constants of mesons with 3ptSR parameters.
As for the Borel mass window in the three-point calculation, the approximate relation
from (2.19) holds, and we haveM23pt,J/ψ ≈ 20−25 GeV2, andM23pt,Bs ≈ 30−60 GeV2. The
plot of the form factors for the Bc → J/ψ transition obtained using the latter parameters is
given in Figure 11 together with the lattice points given by the HPQCD Collaboration [57].
Once again excellent agreement can be seen between the lattice result and our form factors,
but one can also notice that we also agree extraordinarily well in all of the form factors
with the LFQM from [49]. We also include the plot of the Bc → Bs form factors, Figure 12,
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Figure 11: Final predictions for Bc → J/ψ form factors obtained by extrapolating 3ptSR results
to higher q2 regions using the BCL parametrization.
which show a large uncertainty appearing due to the inability of utilizing QCDSR deeper
in the high q2 region. One should also always keep in mind that these uncertainties do not
include the truncation error, which is always of the order of 20-30% in our calculations,
since we extrapolate only linearly in z(q2). Finally, the Table 8 contains the results of these
two fits. The unitarity threshold used in each case is listed in the same table under the
column "threshold". Note that when fitting the Bc → J/ψ form factors we exclude two of
the poles appearing beneath the B∗D threshold, since numerically their value is very close
to the threshold itself. Namely these poles are M(1P1) ≈ M(1P ′1) ≈ 7.14 GeV, and are
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Figure 12: Final predictions for Bc → Bs form factors obtained by extrapolating 3ptSR results to
higher q2 regions using the BCL parametrization.
very close to
√
t∗ ≈ 7.2 GeV. This is done in order to keep the monotonic behaviour of
A1(q
2) and A2(q2) around q2max, and it does not significantly alter their numerical value. A
more nuanced discussion on the impact of near-threshold poles in pole fits one can find in
e.g. [63]. The poles for the Bc → J/ψ case are taken from [64], whereas for the Bc → Bs
case the needed pole masses are known from experiments [1].
JP threshold mR [GeV] BCL: b0 b1 χ2[10−4]
1− BD 6.34, 6.90, 7.01 V Bc→J/ψ 0.69 2 23
1+ B∗D 6.73, 6.74 ABc→J/ψ1 0.50 1 45
1+ B∗D 6.73, 6.74 ABc→J/ψ2 0.42 1 102
0− B∗D 6.28, 6.84 ABc→J/ψ0 0.50 -1 13
1− Dsη′ 2.11, 2.71, 2.86 fBc→Bs+ 0.5 3 0.7
0+ Dsη
′ 2.138 fBc→Bs0 0.6 -1 0.3
Table 8: Summary of the fits for Bc → J/ψ and Bc → Bs form factors.
B.2 Covariance matrices
For the Bc → D transition the form factors are related to each other at the maximum recoil
point, so the fit is done simultaneously, and the error covariance matrix, defined as(Mf+,0)ij = cov[θi, θj ] (B.1)
with vectors in this case being ~θ = (bf+0 , b
f+
1 , b
f0
0 )
T , is
M
fBc→D+,0
=

0.000531195 −0.00492472 1.48099× 10−7
−0.00492472 0.0536992 −0.0000114013
1.48099× 10−7 −0.0000114013 0.000313175
 , (B.2)
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where the fourth expansion parameter has been fixed using the fact that f+(0) = f0(0) as
bf01 =
b
f+
0 − bf00
z(0)
+ b
f+
1 . (B.3)
In the case of Bc → D∗ transition the form factors aren’t related so that the vectors entering
the covariance look like ~θ = (bF0 , bF1 )T , with F = {V,A{1,2,0}}, and
MV Bc→D∗ =
 0.00329643 −0.0359087
−0.0359087 0.909345
 , M
ABc→D
∗
1
=
 0.000366363 −0.00330984
−0.00330984 0.165033,

M
ABc→D
∗
2
=
 0.000161295 −0.000675167
−0.000675167 0.100573
 , M
ABc→D
∗
0
=
 0.00134904 −0.0145026
−0.0145026 0.336261
 .
(B.4)
B.3 z-series fits
The outer functions required for the fit of theBc → D0 form factors to the BGL parametriza-
tion in Eqs.(2.21,2.22) are obtained from [5] and are given as
φ+(z) =
8N
5
4
0
mBc
√
1
3piχT (u)
r2
[
(
√
N0 − 1)z + (
√
N0 + 1)
] 3
2 (1 + z)2
√
1− z[
(1 + r)(1− z) + 2√N0r(1 + z)
]5 ,
φ0(z) =
2N
3
4
0
m2Bc
√
1
piχL(u)
r
[
(
√
N0 − 1)z + (
√
N0 + 1)
] 1
2
√
1− z(1− z2)[
(1 + r)(1− z) + 2√N0r(1 + z)
]4 ,
(B.5)
where a useful mass ratio r = mD0/mBc has been defined, and also N0 =
t∗−t0
t∗−t− . Notice as
well that in some analyses t0 is chosen to be t−, which would further simplify the expressions.
For the Bc → D∗ case, we have
φg(z) = 4N
5
4
0
√
2
3piχT (u)
r2
[
(
√
N0 − 1)z + (
√
N0 + 1)
] 3
2 (1 + z)2
√
1− z[(1 + r)(1− z) + 2√N0r(1 + z)]4 ,
φf (z) = 2
N
3
4
0
m2Bc
√
2
3piχT (−u)
r
[
(
√
N0 − 1)z + (
√
N0 + 1)
] 1
2
√
1− z(1− z2)[
(1 + r)(1− z) + 2√N0r(1 + z)
]4 ,
φ1(z) = 2
N
3
4
0
m3Bc
√
1
3piχT (−u)
r
[
(
√
N0 − 1)z + (
√
N0 + 1)
] 1
2 (1 + z)(1− z) 52[
(1 + r)(1− z) + 2√N0r(1 + z)
]5 ,
φ2(z) = 4N
5
4
0
√
1
piχL(−u)
r2
[
(
√
N0 − 1)z + (
√
N0 + 1)
] 3
2 (1 + z)2
√
1− z[(1 + r)(1− z) + 2√N0r(1 + z)]4 ,
(B.6)
where now the mass ratio is r = mD∗/mBc . The functions χT,L(±u) are calculated pertur-
batively in QCD, and
m2b
[
χTpert(u)
]LO
=
1
32pi2(1− u2)5
[
(1− u2)(3 + 4u− 21u2 + 40u3 − 21u4 + 4u5 + 3u6)
+ 12u3(2− 3u+ 2u2) lnu2],
(B.7)
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m2b
[
χTpert(u)
]NLO
=
αs
576pi3(1− u2)6[
(1− u2)2(75 + 360u− 1031u2 + 1776u3 − 1031u4 + 360u5 + 75u6)
+ 4u(1− u2)(18− 99u+ 732u2 − 1010u3 + 732u4 − 99u5 + 18u6) lnu2
+ 4u3(108− 324u+ 648u2 − 456u3 + 132u4 + 59u5 − 12u6 − 9u7) ln2 u2
+ 8(1− u2)3(9 + 12u− 32u2 + 12u3 + 9u4)Li2(1− u2)
]
,
(B.8)[
χLpert(u)
]LO
=
1
8pi2(1− u2)3
[
(1− u2)(1 + u+ u2)(1− 4u+ u2)− 6u3 lnu2] (B.9)[
χLpert(u)
]NLO
=
αs
48pi3(1− u2)4[
(1− u2)2(1− 36u− 22u2 − 36u3 + u4)
− 2u(1− u2)(9 + 4u+ 66u2 + 4u3 + 9u4) lnu2
− 4u3(9 + 18u2 − 2u3 − 3u4 + u5) ln2 u2 + 8(1− u2)3(1− 3u+ u2)Li2(1− u2)
]
,
(B.10)
where χT,Lpert(u) =
[
χT,Lpert(u)
]LO
+
[
χT,Lpert(u)
]NLO. The non-perturbative corrections form
condensates are
χTcond(u) =− 〈q¯q〉
2− 3u+ 2u2
2m5b(1− u2)5
−
〈αs
pi
G2
〉 1
24m6b(1− u2)7
× [(1− u2)(2− 104u+ 148u2 − 270u3 + 145u4 − 104u5 + 5u6 − 2u7)
− 12u lnu2(3− 5u+ 17u2 − 15u3 + 17u4 − 5u5 + 3u6)],
(B.11)
and
χLcond(u) =− 〈q¯q〉
1
m3b(1− u2)3
+
〈αs
pi
G2
〉 1
12m4b(1− u2)5
[
(1− u2)(1− 21u+ 10u2 − 20u3 + u4 − u5)
− 3u lnu2(3− 2u+ 8u2 − 2u3 + 3u4)].
(B.12)
C Differential q2 distributions and |Vub| extraction
C.1 Differential (q2, cos θl) distributions of semileptonic Bc → D(∗) decays
For the case of Bc → D0 the two-fold functions in Eq.(3.1) are
aDθl =
G2F |Vub|2q2
256pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2[|h0(q2)|2 + m2l
q2
|ht(q2)|2
]
,
bDθl =
G2F |Vub|2q2
128pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2m2l
q2
Re
[
h0(q
2)h∗t (q
2)
]
,
cDθl = −
G2F |Vub|2q2
256pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)3
|h0(q2)|2 ,
(C.1)
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whereas for the Bc → D∗ we have
aD
∗
θl
=
G2F |Vub|2q2
512pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2
[(|H+(q2)|2 + |H−(q2)|2)(1 + m2l
q2
)
+ 2
(|H0(q2)|2 + m2l
q2
|Ht(q2)|2
)]
,
bD
∗
θl
=
G2F |Vub|2q2
256pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)2
[
|H−(q2)|2 − |H+(q2)|2 + 2m
2
l
q2
Re
[
H0(q
2)H∗t (q
2)
]]
,
cD
∗
θl
=
G2F |Vub|2q2
512pi3m3Bc
√
λ(m2Bc ,m
2
D∗ , q
2)
(
1− m
2
l
q2
)3[
|H+(q2)|2 + |H−(q2)|2 − 2|H0(q2)|2
]
.
(C.2)
C.2 Binned q2 distributions of ∆ζD0 and RD0J/ψ
Bins of ∆ζD0(q21, q22), Eq.(3.17), which can be used together with future experimental data
to determine Vub from Bc → D0µν¯µ decays are given in Table 9.
[q21 − q22] [GeV2] [m2µ − 2] [2-4] [4-6] [6-8] [8-10] [10-12] [12-14] [14-16] [16-18] [18-q2max]
∆ζD0(q
2
1, q
2
2) [10
−4 eV] 2.2 2.4 2.5 2.5 2.6 2.5 2.3 1.9 1.1 0.21
±0.2 ±0.2 ±0.3 ±0.3 ±0.4 ±0.5 ±0.5 ±0.5 ±0.3 ±0.06
Table 9: Distribution of ∆ζD0(q21 , q22) placed in bins spaced by 2 GeV apart.
In Table 10 one can find the ratio defined in Eq. (3.19) calculated for equally spaced bins,
denoted here as bin[D0] for the bin values of the numerator integral, and bin[J/ψ] for the bin
values of the denominator integral, in GeV2.
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bin[D0]
bin[J/ψ]
[m2µ-1] [1-2] [2-3] [3-4] [4-5] [5-6] [6-7] [7-8] [8-9] [9-q2max]
[m2µ-2]
0.26
± 0.06
0.21
± 0.05
0.19
± 0.04
0.17
± 0.04
0.15
± 0.03
0.15
± 0.03
0.14
± 0.03
0.15
± 0.03
0.17
± 0.04
0.24
± 0.05
[2-4]
0.28
± 0.07
0.23
± 0.05
0.20
± 0.04
0.18
± 0.04
0.16
± 0.03
0.16
± 0.03
0.15
± 0.03
0.16
± 0.03
0.18
± 0.04
0.26
± 0.05
[4-6]
0.29
± 0.07
0.24
± 0.05
0.21
± 0.05
0.19
± 0.04
0.17
± 0.04
0.16
± 0.03
0.16
± 0.03
0.16
± 0.03
0.19
± 0.04
0.27
± 0.06
[6-8]
0.30
± 0.08
0.24
± 0.06
0.21
± 0.05
0.19
± 0.04
0.18
± 0.04
0.17
± 0.04
0.16
± 0.04
0.17
± 0.04
0.19
± 0.04
0.28
± 0.06
[8-10]
0.30
± 0.08
0.24
± 0.06
0.21
± 0.05
0.19
± 0.05
0.18
± 0.04
0.17
± 0.04
0.17
± 0.04
0.17
± 0.04
0.19
± 0.05
0.28
± 0.07
[10-12]
0.30
± 0.09
0.24
± 0.07
0.21
± 0.06
0.19
± 0.05
0.17
± 0.05
0.16
± 0.04
0.16
± 0.04
0.17
± 0.04
0.19
± 0.05
0.27
± 0.07
[12-14]
0.27
± 0.08
0.22
± 0.07
0.19
± 0.06
0.17
± 0.05
0.16
± 0.05
0.15
± 0.04
0.15
± 0.04
0.15
± 0.04
0.17
± 0.05
0.25
± 0.07
[14-16]
0.22
± 0.07
0.18
± 0.06
0.16
± 0.05
0.14
± 0.04
0.13
± 0.04
0.12
± 0.04
0.12
± 0.04
0.12
± 0.04
0.14
± 0.04
0.20
± 0.06
[16-18]
0.13
± 0.05
0.11
± 0.04
0.10
± 0.03
0.09
± 0.03
0.08
± 0.03
0.08
± 0.02
0.07
± 0.02
0.08
± 0.02
0.09
± 0.03
0.12
± 0.04
[18-q2max]
0.03
± 0.01
0.02
± 0.01
0.018
± 0.006
0.016
± 0.006
0.015
± 0.005
0.014
± 0.005
0.014
± 0.005
0.014
± 0.005
0.016
± 0.006
0.023
± 0.008
Table 10: RD0J/ψ calculated in different pairs of bins.
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